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. Introduction

In recent years Penning traps have developed into valuable tools
or high-precision measurements on electrons, atoms, molecules,
lusters, and antiparticles [1–4]. The experimental goals of these
nvestigations require a thorough understanding of the ion motion
nside the trap and ever more refined methods for manipulating
he ions. It is thus of interest to explore a variety of modifications
f standard trap design and operation in search of advantageous
ew experimental techniques. With this motivation we have inves-
igated here “elliptical” Penning traps, because they permit the
ontrol of the magnetron frequency and the shape of the magnetron
rbit. Experimental results are presented in the accompanying
aper by Breitenfeldt et al. [5].

The electromagnetic field configuration of a conventional Pen-
ing trap consists of a homogeneous magnetic field in z-direction
axial direction) and an electrostatic field ∝ (2z2 − x2 − y2), pro-
uced by electrodes shaped as hyperboloids of revolution [1]. When
n additional static quadrupolar field ∝ �(x2 − y2) is present, for
xample due to imperfections of the trap, it has hitherto been

∗ Tel.: +49 6131 477234.
E-mail address: Martin.Kretzschmar@uni-mainz.de.

387-3806/$ – see front matter © 2008 Elsevier B.V. All rights reserved.
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” is an ideal cylindrically symmetric Penning trap with an additional elec-
∝ �(x2 − y2). This configuration is here investigated for arbitrary strength
side from the decoupled axial motion the system is characterized by a
neralized magnetron frequency. While the former depends only weakly
decreases rapidly with increasing �, vanishing at a maximum value �max

imit for the magnetron motion. Magnetron orbits are elliptical, with their
toward unity as � approaches its maximum value. A complete and rigorous
he ideal elliptical trap is given, its approximate physical realization by use
s discussed, and the frequency shifts expected for a real elliptical trap on
l terms and of image charges are estimated by means of classical canonical
panying paper by Breitenfeldt et al. [M. Breitenfeldt, S. Baruah, K. Blaum,
artinez, G. Marx, L. Schweikhard, N. Walsh, Int. J. Mass Spectrom. (2008)
g experimental investigations.

© 2008 Elsevier B.V. All rights reserved.

viewed as an undesirable perturbation, and methods to correct
for it have been developed [6–8]. Contrary to this view, we con-
sider here the static quadrupolar field ∝ �(x2 − y2) as an additional
degree of freedom in the operation of the trap and explore the new

opportunities resulting from the variation of the strength parame-
ter �. (For its precise definition see Eq. (14) below.) We present in
this paper a complete and rigorous analysis of this linear system in
the framework of Hamiltonian dynamics. As expected the system
is described in terms of two frequencies, a generalized cyclotron
frequency ω̃+ and a generalized magnetron frequency ω̃−. Under
the usual operating conditions for a Penning trap the generalized
cyclotron frequency changes only little with increasing �, however,
the generalized magnetron frequency ω̃− decreases rapidly, while
the magnetron orbit becomes elliptic with increasing numerical
excentricity. For some maximum value �max one reaches a region
of instability. At the limit point we find ω̃− = 0, and the magnetron
orbit has degenerated into a straight line.

Elliptical Penning traps offering the possibility of varying the
�-parameter can be approximately realized in the laboratory by
using a ring electrode (one-sheeted hyperboloid) divided into four
or even eight sectors. Traps with this design are in use in many
laboratories because they permit the introduction of rf-fields into
the trap for the purpose of exciting the motional modes of the stored
particles or of stimulating the interconversion of these modes [9,4].
The static electric potentials applied to the segments of the ring

http://www.sciencedirect.com/science/journal/13873806
mailto:Martin.Kretzschmar@uni-mainz.de
dx.doi.org/10.1016/j.ijms.2008.05.009
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This potential can be visualized as a surface which is

• for � = 0 a spherical hill top with circular equipotential lines;
• for 0 < |�| < 1 a more or less elongated ridge with elliptical
22 M. Kretzschmar / International Journ

electrode generate the quadrupolar field ∝ �(x2 − y2) that makes
the trap “elliptic” but this is one component among others, which
represent higher multipole fields with anharmonic contributions to
the static electric potential. Their influence must be minimized by
an appropriate choice of the voltages applied to the various sectors
of the ring electrode.

The paper is organized into two main chapters. The first one
discusses the ion motion in an “ideal elliptical Penning trap” which
is described by a Hamiltonian quadratic in the canonical coordi-
nates qi, pi. This problem can be completely and rigorously solved.
Ion trajectories in Cartesian coordinates are presented at the end
of this chapter, the elliptical orbits are discussed in their depen-
dence on the strength parameter �. The second chapter treats a
standard trap with a ring electrode divided into four or more seg-
ments and discusses to which extent the ideal elliptical Penning
trap can be approximated by this configuration. This study uses
Fourier analysis and perturbation theoretical methods as its tools.

2. The ideal elliptical Penning trap

2.1. The ideal Penning trap with axial rotational symmetry

In the ideal Penning trap with cylindrical symmetry [1] a particle
of mass m and electric charge q is moving in a superposition of
a homogeneous magnetic field �B0 = B0�ez in axial direction and a
static electric field �E = −∇˚0(x, y, z) with the potential

˚0 = U0

2z2
0 + r2

0

(2z2 − x2 − y2). (1)

The latter can be generated by two conducting surfaces (equipo-
tential surfaces) shaped as hyperboloids of revolution, namely
the one-sheeted “ring electrode” 2z2 − x2 − y2 = −r2

0 and the two-
sheeted “end electrodes” 2z2 − x2 − y2 = 2z2

0, with a potential
difference U0 between ring and end electrodes. If qU0 > 0 the par-
ticle oscillates in the z-direction with the “axial frequency” �z =
ωz/(2�), where

ωz =
√

4qU0

m(2z2
0 + r2

0 )
. (2)

The two other degrees of freedom are circular motions (denoted
as “azimuthal modes” or as “radial modes”), the “modified cyclotron
motion” with frequency �+ = ω+/(2�) and the “magnetron drift”
with frequency �− = ω−/(2�).
ω+ = 1
2

(ωc + ω1) (modified cyclotron frequency), (3)

ω− = 1
2

(ωc − ω1) (magnetron frequency), (4)

where ωc = qB0/m is the “true cyclotron frequency” and ω1 is given

by ω1 =
√

ω2
c − 2ω2

z .
The Hamiltonian for ion motion in the ideal Penning trap is in

Cartesian coordinates [10]

H0 = 1
2m

(p2
x + p2

y + p2
z ) − 1

2
ωc(xpy − ypx)

−m

2

(
ω1

2

)2
(x2 + y2 − 2z2). (5)

The axial motion is independent of the other motional modes
and can be separated, and the azimuthal motional modes can be
decoupled by the canonical transformation

q+ = 1√
2

(
+
√

mω1

2
x −
√

2
mω1

py

)
, (6)
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q− = 1√
2

(
+
√

mω1

2
x +
√

2
mω1

py

)
, (7)

p+ = 1√
2

(
+
√

mω1

2
y +
√

2
mω1

px

)
, (8)

p− = 1√
2

(
−
√

mω1

2
y +
√

2
mω1

px

)
. (9)

In these coordinates the transformed Hamiltonian of the ideal
trap is given by

H0 = ω+
2

(q2
+ + p2

+) − ω−
2

(q2
− + p2

−). (10)

2.2. The ideal elliptical Penning trap

In this paper we study an ideal cylindrically symmetric Penning
trap (when restricted to the plane z = 0 it might be called a “cir-
cular” Penning trap) modified by an additional static quadrupolar
potential ∝ x2 − y2 with arbitrary strength. As discussed in more
detail in Section 3 this modification can be approximately realized
by a ring electrode divided into four or eight segments. In the ideal
elliptical Penning trap an ion by definition has the total potential
energy

V(x, y, z) = 1
4

mω2
z (2z2 − x2 − y2) + 1

4
mω2

z �(x2 − y2), (11)

where the “ellipticity parameter” � measures the strength of the
additional term. With the new term the axial motion still separates
from the azimuthal cyclotron and magnetron motions. Therefore
the axial mode will not be considered any further and we may
restrict the following considerations to a particle moving in the
plane z = 0. Thus from now on we work with the potential

V(x, y, z)| z=0 = −1
4

mω2
z ((1 − �)x2 + (1 + �)y2). (12)
equipotential lines;
• for |�| > 1 a surface with hyperbolic equipotential lines and a

saddle point at the trap center.

A charged particle moving in perpendicular uniform and static
electric and magnetic fields experiences a drift in the direction
of �E × �B ([11], p. 582). Therefore, we may expect for our problem
that the magnetron drift of the cyclotron motion follows to a very
good approximation the equipotential lines of the surface (12). For
ellipticity values 0 < |�| < 1 these are ellipses

x2(
R/

√
1 − �

)2
+ y2(

R/
√

1 + �
)2

= 1, (13)

with a = R/
√

1 − |�| as major semi-axis and b = R/
√

1 + |�| as
minor semi-axis. For � > 0 the major (minor) semi-axis is paral-
lel to the x-axis (y-axis), for � < 0 the major (minor) semi-axis is
parallel to the y-axis (x-axis). On the other hand, for |�| > 1 we
have unbounded hyperbolic orbits, so that in this case there is no
trapping, magnetron motion lets the ions drift into infinity.
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[1], independently of the specific value of the ellipticity �

ω̃2
+ + ω̃2

− + ω2
z = ω2

+ + ω2
− + ω2

z = ω2
c . (24)

On the other hand, for nonvanishing ellipticity we observe ω̃+ +
ω̃− �= ωc for � �= 0.

The explicit expressions for the generalized cyclotron and mag-
netron frequencies as functions of the strength parameter � and the
ellipticity parameter �, respectively, become

ω̃+ =
√

ω2+ + �ω1 · K(�) =
√

1
2

(ω2
c − ω2

z ) + 1
2

√
ω2

c ω2
1 + �2ω4

z

(25)

ω̃− =
√

ω2− − �ω1 · K(�) =
√

1
2

(ω2
c − ω2

z ) − 1
2

√
ω2

c ω2
1 + �2ω4

z

(26)
M. Kretzschmar / International Journ

2.3. Hamiltonian description

For the discussion in the framework of Hamiltonian mechanics
we must express the additional quadrupolar potential in terms of
the canonical coordinates q+, p+, q−, and p−

H1 = �ω2
z

4ω1
(q+ + q−)2 − �ω2

z

4ω1
(p+ − p−)2

= �

2
(q+ + q−)2 − �

2
(p+ − p−)2, (14)

where for convenience of notation we have introduced the strength
parameter � = �ω2

z /(2ω1). As shown in more detail below, at the
ellipticity � = ±1 the magnetron motion changes its character from
elliptic to hyperbolic, correspondingly for the operation of an ellip-
tic Penning trap the strength parameter � is limited to the range
0 ≤ |�| < �max = ω2

z /(2ω1) = ω+ω−/ω1. The total Hamiltonian is
obtained by addition of Eqs. (10) and (14)

H = H0 + H1. (15)

2.3.1. The equations of motion and the eigenfrequencies
The equations of motion for the canonical coordinates of the

cyclotron and magnetron modes are q̇i = ∂H/∂pi and ṗi = −∂H/∂qi,
explicitly

d
dt

⎛
⎜⎝

q+
q−
p+
p−

⎞
⎟⎠ = M

⎛
⎜⎝

q+
q−
p+
p−

⎞
⎟⎠ (16)

with

M =

⎛
⎜⎝

0 0 ω+ − � �
0 0 � −(ω− + �)

−(ω+ + �) −� 0 0
−� ω− − � 0 0

⎞
⎟⎠ (17)

With ω1 = ω+ − ω− the iteration of these equations yields

d2

dt2

⎛
⎜⎝

q+
q−
p+
p−

⎞
⎟⎠ = −

⎛
⎜⎝

ω2+ �ω1 0 0
�ω1 ω2− 0 0

0 0 ω2+ �ω1
0 0 �ω1 ω2−

⎞
⎟⎠
⎛
⎜⎝

q+
q−
p+
p−

⎞
⎟⎠ . (18)

From the matrix of either of these equations the algebraic equa-
tion determining the eigenvalues of the system is obtained as
(�2 + ω2
+)(�2 + ω2

−) − �2ω2
1 = 0. (19)

The four roots of this equation can be expressed as �1,2 = ±iω̃+
and �3,4 = ±iω̃−, where ω̃+ and ω̃− are the generalized cyclotron
and magnetron frequencies. They are calculated as

ω̃2
+ = ω2

+ + �ω1 · K(�), (20)

ω̃2
− = ω2

− − �ω1 · K(�). (21)

On the right hand side we have introduced the convenient
abbreviation

K(�) = ωc

2�

[√
1 + 4�2

ω2
c

− 1

]
= 2�

ωc

[√
1 + 4�2

ω2
c

+ 1

]−1

, (22)

or in terms of the ellipticity parameter �

K(�) = �ω2
z

ω1ωc +
√

ω2
1ω2

c + �2ω4
z

= 1

�ω2
z

[√
ω2

1ω2
c + �2ω4

z − ω1ωc

]
.

(23)
Fig. 1. Generalized cyclotron frequency ω̃+ . The plot shows (ω̃+ − ω+)/ω+ as a func-
tion of the ellipticity � = �/�max. In the limit � = 0 we have ω̃+ = ω+ , in the limit � = 1

we have ω̃+ =
√

ω2
c − ω2

z .

An important consequence of the relations (20) and (21) is the
general validity of the invariance theorem of Brown and Gabrielse
Fig. 2. Generalized magnetron frequency ω̃− . The plot shows ω̃−/ω− as a function
of the ellipticity � = �/�max. In the limit � → 0 we have ω̃− = ω− , in the limit � → 1
we have ω̃− = 0.
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Figs. 1 and 2 display the typical dependence of these
frequencies1 on |�|: the generalized cyclotron frequency ω̃+(�) is
increasing from ω̃+(0) = ω+ to ω̃+(1) =

√
ω2

c − ω2
z . Expressed by

means of the invariance theorem (24) this is ω̃2+(1) − ω̃2+(0) = ω2−.
Under typical operating conditions of the Penning trap the mag-
netron frequency is several orders of magnitude smaller than the
cyclotron frequency, so that the increase of ω̃+ is in fact very small.
On the other hand, the generalized magnetron frequency ω̃−(�)
is monotonically decreasing from ω̃−(0) = ω− to ω̃−(1) = 0. Thus
for � = 1 the magnetron frequency vanishes and becomes imagi-
nary for |�| > 1, indicating the transition from bounded elliptical to
unbounded hyperbolic motion.

2.3.2. The generalized eigenmodes
The Hamiltonian Eq. (15) is a symmetric quadratic form in the

canonical coordinates and momenta q+, q−, p+, and p−. General
theorems tell us that there exists a linear canonical transformation
to new coordinates and momenta q̃+, q̃−, p̃+, and p̃−⎛
⎜⎝

q+
q−
p+
p−

⎞
⎟⎠ =

⎛
⎜⎝

a11 a12 a13 a14
a21 a22 a23 a24
a31 a32 a33 a34
a41 a42 a43 a44

⎞
⎟⎠
⎛
⎜⎝

q̃+
q̃−
p̃+
p̃−

⎞
⎟⎠ , (27)

such that the new Hamiltonian takes the form

H(q̃, p̃) = ω̃+
2

(q̃2
+(t) + p̃2

+(t)) − ω̃−
2

(q̃2
−(t) + p̃2

−(t)), (28)

where ω̃+ and ω̃− are the eigenfrequencies that we have deter-
mined in the preceding subsection and the matrix A = (aik) is
a symplectic matrix with determinant 1. The new equations of
motion are

d
dt

q̃±(t) = ∂H

∂p±
= ±ω̃±p̃±, (29)

d
dt

p̃±(t) = − ∂H

∂q±
= ∓ω̃±q̃±. (30)

Their general solution can be written in terms of the phase vari-
ables ϕ̃± = ω̃±t + 
̃± as

q̃+(t) = Ã+ cos ϕ̃+(t), (31)

p̃+(t) = −Ã+ sin ϕ̃+(t), (32)
q̃−(t) = Ã− cos ϕ̃−(t), (33)

p̃−(t) = Ã− sin ϕ̃−(t). (34)

This solution depends on four arbitrary constants, the two
amplitudes Ã+, Ã−, and the two phases 
̃+ and 
̃−. It remains to
determine explicitly the canonical transformation (27) that takes
us from the canonical variables q±, p± to the new variables q̃±, p̃±.

2.3.3. The canonical transformation to eigenmodes
From the block structure of the equations of motion, Eqs.

(16)–(18), together with the general form of the eigenmodes,
Eqs. (31)–(34), we can conclude that the matrix A = (aik) of the
desired canonical transformation must possess a corresponding
block structure, with nonvanishing elements in the diagonal blocks
and zeroes in the nondiagonal blocks. After insertion of the gen-
eral form of the eigenmodes, Eqs. (31)–(34), and their equations of
motion, Eqs. (29)–(30), into Eq. (18) we can extract the following

1 This figure and all following ones have been computed with the parameters
ωc = 2� · 919 kHz and ωz = 2� · 44 kHz.
ass Spectrometry 275 (2008) 21–33

matrix equation for A = (aik)⎛
⎜⎝

a11 a12 0 0
a21 a22 0 0
0 0 a33 a34
0 0 a43 a44

⎞
⎟⎠
⎛
⎜⎝

ω̃2+ 0 0 0
0 ω̃2− 0 0
0 0 ω̃2+ 0
0 0 0 ω̃2−

⎞
⎟⎠

=

⎛
⎜⎝

ω2+ �ω1 0 0
�ω1 ω2− 0 0

0 0 ω2+ �ω1
0 0 �ω1 ω2−

⎞
⎟⎠
⎛
⎜⎝

a11 a12 0 0
a21 a22 0 0
0 0 a33 a34
0 0 a43 a44

⎞
⎟⎠ . (35)

The comparison of the matrix elements on both sides makes
use of the relations ω̃2± − ω2± = ±�ω1 · K(�) and ω̃2± − ω2∓ = ±�ω1 ·
K(�) ± ωc ω1 and yields the results

a12 = −K(�) · a22, a34 = −K(�) · a44, (36)

a21 = +K(�) · a11, a43 = +K(�) · a33. (37)

The matrix A = (aik) is unimodular and must tend to the unit
matrix in the limit � → 0, thus we find the condition

det A = a11a22a33a44 · (1 + K2(�)) = 1. (38)

Finally, the firstorder equations (16) must be exploited. They tell
us⎛
⎜⎝

a11 a12 0 0
a21 a22 0 0
0 0 a33 a34
0 0 a43 a44

⎞
⎟⎠
⎛
⎜⎝

0 0 ω̃+ 0
0 0 0 −ω̃−

−ω̃+ 0 0 0
0 ω̃− 0 0

⎞
⎟⎠

=

⎛
⎜⎝

0 0 ω+ − � �
0 0 � −(ω− + �)

−(ω+ + �) −� 0 0
−� ω− − � 0 0

⎞
⎟⎠

×

⎛
⎜⎝

a11 a12 0 0
a21 a22 0 0
0 0 a33 a34
0 0 a43 a44

⎞
⎟⎠ . (39)

Taking into account previous results we drive the conditions

ω+ + �(K(�) + 1) · a11 = ω̃+ · a33, (40)

ω+ + �(K(�) − 1) · a33 = ω̃+ · a11, (41)
ω− + �(K(�) + 1) · a44 = ω̃− · a22, (42)

ω− + �(K(�) − 1) · a22 = ω̃− · a44. (43)

In order to show that these relations are consistent and in order
to give them a more symmetrical appearance we deduce from Eq.
(22)

K2(�) = 1 − (ωc/�)K(�) = 1 − (2ω1ωc)/(�ω2
z )K(�). (44)

Using this result one finds the following factorizations of ω̃2+ and
ω̃−:

ω̃2
+ = (ω+ + �(K(�) + 1)) · (ω+ + �(K(�) − 1)), (45)

ω̃2
− = (ω− + �(K(�) + 1)) · (ω− + �(K(�) − 1)). (46)

With their help the Eqs. (40)–(43) can be written in the form√
ω+ + �(K(�) − 1)

ω̃+
· a33 =

√
ω+ + �(K(�) + 1)

ω̃+
· a11, (47)

√
ω− + �(K(�) − 1)

ω̃−
· a22 =

√
ω− + �(K(�) + 1)

ω̃−
· a44. (48)
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These relations together with the determinant condition Eq. (38)
yield the diagonal elements of A,

a11 =
√

ω+ + �(K(�) − 1)
ω̃+(1 + K2(�))

, a22 =
√

ω− + �(K(�) + 1)
ω̃−(1 + K2(�))

, (49)

a33 =
√

ω+ + �(K(�) + 1)
ω̃+(1 + K2(�))

, a44 =
√

ω− + �(K(�) − 1)
ω̃−(1 + K2(�))

. (50)

For subsequent use we collect our results in the transformation
equations

q+(t) =
√

ω+ + �(K(�) − 1)
ω̃+(1 + K2(�))

· q̃+(t)

−
√

ω− + �(K(�) + 1)
ω̃−(1 + K2(�))

· K(�) · q̃−(t), (51)

q−(t) =
√

ω+ + �(K(�) − 1)
ω̃+(1 + K2(�))

· K(�) · q̃+(t)

+
√

ω− + �(K(�) + 1)
ω̃−(1 + K2(�))

· q̃−(t), (52)

p+(t) =
√

ω+ + �(K(�) + 1)
ω̃+(1 + K2(�))

· p̃+(t)

−
√

ω− + �(K(�) − 1)
ω̃−(1 + K2(�))

· K(�) · p̃−(t), (53)

p−(t) =
√

ω+ + �(K(�) + 1)
ω̃+(1 + K2(�))

· K(�) · p̃+(t)

+
√

ω− + �(K(�) − 1)
ω̃−(1 + K2(�))

· p̃−(t). (54)

2.4. Ion trajectories in position space

In the preceding section we have rigorously solved the equa-
tions of motion of an ion in an elliptical Penning trap using abstract
canonical coordinates q̃±, p̃±. To visualize the ion trajectories in
ordinary space we must relate these coordinates to Cartesian coor-

dinates x, y. We start by inverting Eqs. (6)–(9) to obtain

x(t) = 1√
mω1

(q+(t) + q−(t)), (55)

y(t) = 1√
mω1

(p+(t) − p−(t)). (56)

Here we insert our Eqs. (51)–(54), the general solution Eqs.
(31)–(34), and express the constants Ã+ and Ã− in terms of size
parameters R̃+ = Ã+/

√
mω1 and R̃− = Ã−/

√
mω1. These have the

physical dimension of a length and generalize the concepts of the
cyclotron and magnetron radii. Thus, we find the ion orbits

x(t) = 1√
mω1

(
�+q̃+(t) + �−q̃−(t)

)
= �+R̃+ cos ϕ̃+(t) + �−R̃− cos ϕ̃−(t), (57)

y(t) = 1√
mω1

(�+p̃+(t) − �−p̃−(t))

= −
(

�+R̃+ sin ϕ̃+(t) + �−R̃− sin ϕ̃−(t)
)

. (58)
ass Spectrometry 275 (2008) 21–33 25

The ion motion obviously is a superposition of two ellipti-
cal motions with their axes in the x-direction and y-direction, a
cyclotron motion with semi-axes �+R̃+ and �+R̃+, and a magnetron
drift motion with semi-axes �−R̃− and �−R̃−. A given ion trajectory
can be specified by four numbers, the values of R̃+, R̃−, and of the
two phases ϕ̃+, ϕ̃− at some initial time t0. The quantities �+, �+,
�−, and �− are “normalized” semi-axes, in other words, they are
the semi-axes of the “unit ellipses” defined by R̃+ = 1 and R̃− = 1.
In the limit of vanishing ellipticity � → 0 all normalized semi-axes
tend to the value 1, so that in this limit the motions become cir-
cular. All dependence on ellipticity is contained in the normalized
semi-axes and in the characteristic frequencies ω̃+ and ω̃−.

The calculation of the normalized semi-axes as a function of the
ellipticity � requires a certain amount of algebra. From Eq. (22) one
deduces

(1 ± K(�))2

1 + K2(�)
= ωc + 2�(K(�) ± 1)

ωc + 2�K(�)
, (59)

and with the help of this relation one obtains the following expres-
sions:

�+ =
√

ω+ωc + �ω1(1 + K)
ω̃+(ωc + 2�K)

=
√

ω2
c + �ω2

z +
√

ω2
c ω2

1 + �2ω4
z

(2ω̃+/ω1) ·
√

ω2
c ω2

1 + �2ω4
z

,

(60)

�+ =
√

ω+ωc − �ω1(1 − K)
ω̃+(ωc + 2�K)

=
√

ω2
c − �ω2

z +
√

ω2
c ω2

1 + �2ω4
z

(2ω̃+/ω1) ·
√

ω2
c ω2

1 + �2ω4
z

,

(61)

�− =
√

ω−ωc + �ω1(1 − K)
ω̃−(ωc + 2�K)

=
√

ω2
c + �ω2

z −
√

ω2
c ω2

1 + �2ω4
z

(2ω̃−/ω1) ·
√

ω2
c ω2

1 + �2ω4
z

,

(62)

�− =
√

ω−ωc − �ω1(1 + K)
ω̃−(ωc + 2�K)

=
√

ω2
c − �ω2

z −
√

ω2
c ω2

1 + �2ω4
z

(2ω̃−/ω1) ·
√

ω2
c ω2

1 + �2ω4
z

.

(63)
Inspection of these expressions shows that for 0 < � < 1 the
major semi-axes of the cyclotron and the magnetron ellipses point
in x-direction, i.e., they are given by �+ and �−. For −1 < � < 0 the
major semi-axes point in y-direction and are given by �+ and �−.
The normalized semi-axes have been plotted as functions of the
ellipticity �, both for cyclotron motion (Fig. 3) and for magnetron
motion (Fig. 4). While the cyclotron orbit remains nearly circular for
all values of �, the magnetron orbit undergoes dramatic change as
� → 1, the major semi-axis tends to infinity, while the minor semi-
axis tends to zero. This holds for the ideal elliptic trap, which is a
spatially unlimited field configuration, in a real trap the ion would
hit the ring electrode before reaching the limit � = 1.

The numerical excentricity of an ellipse with major semi-axis a
and minor semi-axis b is defined as E =

√
1 − b2/a2. Thus for the

cyclotron and magnetron motions the preceding results imply

E+ =
√

2|�|ω1

ω+ωc + |�|ω1(1 + K)
=
√

2|�|ω2
z

ω2
c + |�|ω2

z +
√

ω2
c ω2

1 + |�|2ω4
z

,

(64)
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Fig. 3. Normalized major and minor semi-axes

E− =
√

2|�|ω1

ω ω + |�|ω (1 − K)
− c 1

=
√

2|�|ω2
z

ω2
c + |�|ω2

z −
√

ω2
c ω2

1 + |�|2ω4
z

. (65)

These excentricities are plotted in Fig. 5 as functions of the
ellipticity �. While E+ remains small over the whole range of �,
the excentricity of the magnetron orbit approaches the value 1 as
|�| → 1.

For � = 0 the magnetron drift velocity is constant in time and
equals v0− = ω−R−. For � �= 0, however, it varies along the magnetron
orbit. From Eqs. (57) and (58) we obtain the velocity as

v−(ϕ̃−, �) = ω̃−(�)�−(�)R̃− ·
√

1 − E2
−(�) cos2 ϕ̃−, (66)

where for definiteness we have assumed � ≥ 0, so that the large
semi-axis of the magnetron ellipse is �−R̃−. For � < 0 the roles
of �− and �− are interchanged. For comparison to the case � = 0
we have studied the “normalized” drift velocity v−(ϕ̃−, �)/(ω−R−).
Fig. 6 shows its maximum (ϕ̃− = �/2) and minimum (ϕ̃− = 0) val-
ues as a function of �, while Fig. 7 plots the values of the normalized
magnetron drift velocity as a function of the azimuthal angle ϕ̃−.

Fig. 4. Normalized major and minor semi-axes of the
ass Spectrometry 275 (2008) 21–33

cyclotron orbit as a function of the ellipticity �.

3. The real elliptical Penning trap

How can the idealized field configuration analyzed in the

preceding sections be practically realized in the laboratory?
The obvious idea of manufacturing conducting metal electrodes
with the shape of the equipotential surfaces 2z2 − (1 − �)x2 −
(1 + �)y2 = r2

0 (elliptical ring electrode) and 2z2 − (1 − �)x2 − (1 +
�)y2 = −z2

0 (elliptical endcap electrodes) is not very appealing,
because the ellipticity parameter � can not be varied. In practice
one uses a Penning trap with a segmented ring electrode, by which
one can introduce into the trap an additional electrostatic potential,
the “elliptic” potential Uell, chosen to approximate in the best pos-
sible way the interaction term Eq. (14) characteristic of the ideal
elliptic Penning trap. Penning traps with ring electrodes divided
into four or eight segments are in actual use in many laboratories
[5] for various other reasons. To be more specific let us assume
that the ring electrode is divided into N segments, the dividing
slits being located at the angular coordinates ϕ1, ϕ2, . . . , ϕN = ϕ0,
with each segment subtending an angular range i = ϕi − ϕi−1
and carrying a static electric potential Ui, for i = 1, . . . , N. The
potentials are adjusted to produce the best possible approxi-
mation to the ideal elliptic Penning trap, however, anharmonic
deviations are inevitably present, in addition to the usual
imperfections.

magnetron orbit as functions of the ellipticity �.
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Fig. 5. Numerical excentricities E+ of the cyclotron orbit and E− of the magnetron or
Fig. 6. Maximum and minimum values of the normalized magnetron drift velocity
as a function of |�|.

3.1. Fourier analysis

Assuming 1 = 5, 2 = 4 = 6 = 8, and 3 = 7, and
choosing the potentials as U1 = U5, U2 = U4 = U6 = U8, and U3 =

Fig. 7. Magnetron drift velocity as a function of the azimuthal angle ϕ̃− for six
different values of �, from top to bottom � = 0.15, 0.3, 0.45, 0.6, 0.75, and 0.9.
bit as a function of the ellipticity |�|. Note the different scales on the two plots.

U7, we obtain a potential Uell(ϕ) on the ring electrode with a high
degree of symmetry. By imposing the condition

1
2

8∑
i=1

Uii = U11 + 2U22 + U33 = 0 (67)

the average of the potential is made to vanish. Let us choose the
origin of the angular coordinate ϕ at the middle of segment 1, then
we have ϕ1 = 1/2, ϕ0 = −1/2, so that 1 = ϕ1 − ϕ0. Further-
more we have ϕ7 = 2� − ϕ2, ϕ6 = 2� − ϕ3, and ϕ5 = 2� − ϕ4. The
potential function Uell(ϕ) thus acquires the symmetry properties
Uell(ϕ) = Uell(−ϕ) and Uell(ϕ) = Uell(ϕ + �). For the Fourier expan-
sion of Uell(ϕ) the first symmetry property implies that the Fourier
series is a pure cosine series, the second property permits only
terms depending on even multiples of ϕ. Thus for the geometry
that we are here considering the Fourier expansion of the potential
of the ring electrode assumes the form

Uell(ϕ) =
∞∑

n=0

u2n cos(2nϕ). (68)

The condition (67) requires u0 = 0. All other the Fourier compo-

nents are given by

u2n = 1
�

∫ +�

−�

dϕ · Uell(ϕ) cos(2nϕ)

= 1
n�

4∑
i=1

Ui · (sin(2nϕi) − sin(2nϕi−1)) (n = 1, 2, 3, . . .)

= 2
n�

[
(U1 − U2) · sin(n1) + (U3 − U2) · (−1)n sin(n3)

]
.

(69)

There is still freedom to define different operating modes for the
segmented ring electrode: Operating mode I: The segments 2, 4, 6,
and 8 are set on ground potential and remain unused for modeling
the elliptic trap, while U3 is fixed by the condition (67), i.e., U2 =
U4 = U6 = U8 = 0 and U3 = −(1/3) · U1.

Operating mode II: The voltage applied to the segments 2, 4, 6,
and 8 is chosen so that the Fourier coefficient u4 vanishes, thus
eliminating the leading anharmonic contribution to the potential.
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Table 1
Fourier coefficients c2n calculated for the segmented ring electrode of the Greifswald clus

3.2. The electrostatic potential in the trap interior

In the preceding subsection we have analyzed the dependence
on the azimuthal angle ϕ of the “elliptic” electrostatic potential
Uell(ϕ) on the surface of the ring electrode of the trap, in order to
determine the coefficient c2 of the component that corresponds
to the ideal elliptic Penning trap. The more general problem of
determining the electrostatic potential in the trap interior is impor-
tant for estimates of the deformations of the ion orbits and of
the shifts of the characteristic frequencies as compared to the
ideal elliptic Penning trap. Already Bollen et al. [9] have demon-
strated the existence of important screening effects due to the end
electrodes.

The electrostatic potential in the trap interior U is sourcefree and
therefore satisfies in three dimensions Laplace’s differential equa-
tion. The values of the potential on the surfaces of the segmented
Fig. 8. Fourier decomposition of the electric potential on the ring electrode in oper-
ating mode I. The three curves show the component ∝ cos 2ϕ which is taken into
account by the exact solution of the ideal elliptical Penning trap (solid line), the
approximation to the potential including terms ∝ cos 2ϕ, cos 4ϕ, and cos 6ϕ (dashed
line), and the representation of the potential obtained by summing the first 30 terms
of the series.
Together with the condition (67)U2 and U3 are then determined as
linear functions of U1.

U2 = U1 · 3 sin(21) − 1 sin(23)
3 sin(21) + (� − 1) sin(23)

(70)

U3 = −U1 · (� − 3) sin(21) + 1 sin(23)
3 sin(21) + (� − 1) sin(23)

(71)

The Fourier expansion of Uell(ϕ) can now be written with dimen-
sionless coefficients c2n = u2n/U1 as2

Uell(ϕ) = U1

∞∑
n=1

c�
2n · cos(2nϕ) (� = I, II) (72)

As an example let us discuss the Greifswald cluster trap [12].
Here the ring electrode is divided into eight segments, with 1 =
80◦, 2 = 30◦, and 3 = 40◦. The voltages and Fourier coeffi-
cients obtained for the two operating modes are shown in Table 1.
Figs. 8 and 9 illustrate for the two operating modes of the seg-
mented ring electrode the quality of the approximation to the ideal
elliptic trap. As expected, in operating mode II the elimination of

2 In the accompanying paper [5] the potential U1 is denoted as Uellipt.
ter trap, for the operating modes I and II, respectively

the term ∝ cos 4ϕ results in a better representation of the ideal
case.
ring electrode and the end electrodes are prescribed by the exper-
iment, and thus a Dirichlet boundary value problem is given. As is
well known its solution can be represented as an expansion in terms
of spherical harmonics [11]. Using cylindrical polar coordinates r, ϕ,

Fig. 9. Fourier decomposition of the electric potential on the ring electrode in oper-
ating mode II. The three curves show the component ∝ cos 2ϕ which is taken into
account by the exact solution of the ideal elliptical Penning trap (solid line), the
approximation to the potential including terms ∝ cos 2ϕ and cos 6ϕ (dashed line),
and the representation of the potential obtained by summing the first 30 terms of
the series.
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and z we can write

Uell(r, ϕ, z) =
∑

k,l

√
r2 + z2

k
· Pl

k(z/
√

r2 + z2)(bk,l cos(lϕ)

+ b′
k,l sin(lϕ)), (73)

where the Pl
k
(x) are associated Legendre polynomials, and where

the coefficients bk,l , b′
k,l

are to be determined by the bound-
ary conditions. As discussed in the preceding subsection the
elliptic electrostatic potential possesses the symmetry properties
Uell(r, ϕ, z) = Uell(r, −ϕ, z) = Uell(r, ϕ + �, z) = Uell(r, ϕ, −z). These
imply that in the series (73) only terms ∝ cos(lϕ) occur and that k
and l must be even integers: k = 2m and l = 2n. The series expansion
of the elliptical electrostatic potential can therefore be rewritten as

Uell(r, ϕ, z) = U1

∞∑
n=1

c2n cos(2nϕ)
∞∑

m=0

a2n,2mp2n,2m(r, z), (74)

where the p2n,2m(r, z) are homogeneous polynomials in r and z of
degree 2(n + m), defined by

p2n,2m(r, z) =
(r2 + z2)

n+m · P2n
2(n+m)(z/

√
r2 + z2)

r2(n+m)
0 · P2n

2(n+m)(0)
. (75)

The normalization of the polynomials is chosen so that on the
inner radius r0 of the ring electrode the polynomials assume the
value p2n,2m(r0, 0) = 1. The explicit form of the polynomials can
be deduced from the representation of the associated Legendre
polynomials in terms of hypergeometric functions [13]

p2n,2m(r, z) = r2n

r2(n+m)
0

m∑
j=0

cn,m,jr
2(m−j)(2z2)

j
, (76)

with coefficients

cn,m,j = (−1)j ·

(
m
j

)
(2j − 1)!!

· (2n + m)!
(2n + m − j)!

. (77)

Note that cn,m,0 = 1 for all n, m. It is useful to display a few of
these polynomials explicitly:

p2n,0(r, z) = r2n

r2n
, (78)
0

p2n,2(r, z) = r2n

r2(n+1)
0

· (r2 − (2n + 1) · 2z2), (79)

p2n,4(r, z) = r2n

r2(n+2)
0

·
(

r4 − 2(2n + 2) · r2 · 2z2

+ 1
3

(2n + 1)(2n + 2) · (2z2)
2
)

, (80)

p2n,6(r, z) = r2n

r2(n+3)
0

·
(

r6 − 3(2n + 3) · r4 · (2z2)
2

+(2n + 2)(2n + 3) · r2 · (2z2)
2

− 1
15

(2n + 1)(2n + 2)(2n + 3) · (2z2)
3
)

. (81)

Finally we must discuss the coefficients a2n,2m. The deter-
mination of all the coefficients requires a full solution of the
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three-dimensional boundary value problem for the elliptic elec-
trostatic potential Uell(r, ϕ, z), however, we shall here be content
with some simple estimates.

Two obvious conditions for the coefficients an,m are obtained as
follows. As noted above p2n,2m(r0, 0) = 1, therefore in the plane z =
0 the potential at the inner radius r0 of the ring electrode reduces
to Uell(r, ϕ, z) = U1

∑∞
n=1c2n cos(2nϕ)

∑∞
m=0a2n,2m, which must be

identical to Eq. (72). Thus the condition
∞∑

m=0

a2n,2m = 1 for all n = 1, 2, 3, . . . (82)

results. Similarly we use the fact that the potential Uell must vanish
on the end electrodes to impose at the vertices r = 0, z = z0 the
conditions

∞∑
m=0

a2n,2mcn,m,m

(
2z2

0/r2
0

)m = 0 for all n = 1, 2, 3, . . . (83)

Further approximation strategies must be devised to obtain
more conditions for the a2n,2m and better approximations for the
potential Uell, however, we shall here not pursue this point any
further.

The two conditions (82) and (83) are sufficient for the simplest
possible estimate of the screening effects due to the end electrodes.
One keeps in the expansion (74) only terms with m = 0 and 1, higher
terms decrease with additional powers of (r/r0)2. Our two condi-
tions reduce to the form

a2n,0 + a2n,2 = 1, a2n,0 − (2n + 1)(2z2
0/r2

0 ) · a2n,2 = 0

for all n = 1, 2, 3, . . . (84)

The traps used in the work by Bollen et al. [9] or in the work
described in [5] are so-called “symmetric” traps with 2z2

0 = r2
0 .

For these we obtain the solution a2n,0 = (2n + 1)/(2n + 2), a2n,2 =
1/(2n + 2) for all n. For the quadrupolar terms in particular we find
a2,0 = 0.75 and a2,2 = 0.25, to be compared with the results of the
simulation by Bollen et al. a2,0 = 0.80 and a2,2 = 0.16. Their result is
in slight violation of the conditions (82) and (83), the consequences
become obvious when one plots the equipotential surfaces.

In the central plane of the trap, z = 0, the elliptic electrostatic
potential simplifies to

∞∑ ∞∑
2(n+m)
Uell(r, ϕ, z)|z=0 = U1

n=1

c2n cos(2nϕ)
m=0

a2n,2m(r/r0) . (85)

We can identify here the term defining the ideal elliptic Penning
trap

qU1 · c�
2 · a2,0 ·

(
r

r0

)2
cos(2ϕ) = � · mω1

2
· r2 cos(2ϕ)

= qU0

2z2
0 + r2

0

· � · r2 cos(2ϕ), (86)

whence we can relate the ellipticity parameters � and � to the
applied voltage U1

� = 2z2
0 + r2

0

r2
0

· U1

U0
· c�

2 · a2,0, � = 2qU1 · u�
2 · a2,0

mω1r2
0

. (87)

Fig. 10 shows the equipotential lines for the circular and the
ideal elliptic Penning trap together with those for the sum of the
anharmonic perturbation terms and those for the perturbed elliptic
trap. With increasing distance from the trap center the deformation
of the ellipses due to anharmonic terms becomes quite notable.
This fact is of interest because the magnetron drift of the ions in
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ical P
. The
Fig. 10. Equipotential lines for (a) the ideal circular Penning trap, (b) the ideal ellipt
in operating mode I, and (d) the elliptical Penning trap including anharmonic terms

the trap follows roughly the equipotential lines. These figures may
be compared with the results obtained by numerical simulations
of the equipotential lines and the ion orbits as described in the
accompanying experimental investigation [5].

3.3. Results of perturbation theory

The deviations of the electric potential of a real elliptical Penning
trap from that of an ideal trap cause distortions of the ion orbits and
shifts of the characteristic frequencies. These can be estimated by
use of canonical classical perturbation theory [7,8]. It may be helpful
to sketch the basic idea of this method, which is formulated in terms

of action and angle variables and uses the Hamiltonian of the ideal
elliptical Penning trap (28) as its starting point. The angle variables
are the phases ϕ̃±(t) = ω̃±t + 
̃±, the canonically conjugate action
variables are obtained by

J̃+ = 1
2�

∮
p̃+dq̃+ = Ã2+

2
, (88)

J̃− = 1
2�

∮
p̃−dq̃− = − Ã2−

2
. (89)

In these variables Eq. (28) assumes the form

H̃(q̃, p̃) = H̃(ϕ̃+, ϕ̃−, J̃+, J̃−) = ω̃+ J̃+ + ω̃− J̃−. (90)

Obviously ω̃± = dϕ̃±/dt = ∂H̃/∂J̃±. We also note that the action
variables J̃± are related to the size parameters R̃± by

J̃+ = 1
2

mω1R̃2
+, J̃− = −1

2
mω1R̃2

−. (91)

The Hamiltonian of the real elliptic Penning trap is then con-
structed by adding the perturbing potential V1 (to be specified
below) to H̃ and by transforming this new Hamiltonian Ĥ to a new
enning trap, (c) the anharmonic perturbations due to the segmented ring electrode
calculation assumed the operational mode I and an ellipticity parameter � = 0.75.

set of action and angle variables Ĵ±, ϕ̂± with the property that Ĥ is
independent of the new angle variables and is only a function of
the new action variables, in other words, the new angle variables
ϕ̂± are again cyclic coordinates, while the new action variables Ĵ±
are constants of the motion.

H̃(ϕ̃+, ϕ̃−, J̃+, J̃−) + Ṽ1(ϕ̃+, ϕ̃−, J̃+, J̃−) = Ĥ(Ĵ+, Ĵ−). (92)

Hamilton’s equations of motion now yield the perturbed char-
acteristic frequencies, ω̂± = dϕ̂±/dt = ∂Ĥ/∂Ĵ±, and the constancy
of the action variables, dĴ±/dt = −∂Ĥ/∂ϕ̂ = 0. The former variables
ϕ̃±(t), J̃± are related to the new variables ϕ̂±, Ĵ± by a canonical

transformation with the generator

S(ϕ̃+, ϕ̃−, Ĵ+, Ĵ−) = ϕ̃+ Ĵ+ + ϕ̃− Ĵ− + S1(ϕ̃+, ϕ̃−, Ĵ+, Ĵ−), (93)

implying

ϕ̂± = ∂S

∂Ĵ±
= ϕ̃± + ∂S1

∂Ĵ±
J̃± = ∂S

∂ϕ̃±
= Ĵ± + ∂S1

∂ϕ̃±
. (94)

Canonical perturbation theory essentially consists of a system-
atic procedure for the determination of the generator function
S1(ϕ̃, Ĵ). The construction is somewhat involved, we therefore refer
for details to the literature [7,8]. In this paper we focus our atten-
tion on the simplest, but most important term in the perturbation
series, which can be obtained according to the following recipe:
expand Ṽ1(ϕ̃+, ϕ̃−, J̃+, J̃−) into a multiple Fourier series with respect
to the angle variables ϕ̃+, ϕ̃−, select the constant term, i.e., the one
independent of ϕ̃±, and substitute Ĵ± in place of J̃±. In other words,
calculate

V (00)
1 (J̃+, J̃−) = 1

(2�)2

∫ +�

−�

dϕ+

∫ +�

−�

dϕ−Ṽ1(ϕ̃+, ϕ̃−, J̃+, J̃−), (95)
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substitute J̃± → Ĵ±, and write

Ĥ(Ĵ+, Ĵ−) ≈ ω̂+ Ĵ+ + ω̂− Ĵ− + V (00)
1 (Ĵ+, Ĵ−). (96)

Hamilton’s equations of motion yield the perturbed frequencies
and the conservation of the actions

ω̂± = d
dt

ϕ̂± = ∂

∂Ĵ±
Ĥ(Ĵ+, Ĵ−)

d
dt

Ĵ± = − ∂

∂ϕ̂±
Ĥ(Ĵ+, Ĵ−) = 0. (97)

Finally the desired information about the frequency shifts due
to the additional potential Ṽ1(ϕ̃+, ϕ̃−, J̃+, J̃−) is obtained as

�ω̃± = ω̂± − ω̃± ≈ ∂

∂Ĵ±
V (00)

1 (Ĵ+, Ĵ−). (98)

3.3.1. Frequency shifts due to anharmonic terms in the trap
potential

In Section 3.2 we have considered the potentials applied to the
segments of the ring electrode and have investigated what we can
learn about the potential in the trap interior. For the central plane
of the trap, z = 0, we found the representation Eq. (85). Here we use
this potential to calculate by means of canonical perturbation the-
ory the shifts of the magnetron and modified cyclotron frequencies
caused by the anharmonic terms. Following the recipe developed
above we have to transform the potential (85) to the action and
angle variables of the ideal elliptical trap, for which we know the
exact solutions of the equations of motion and which serves as the
0-th approximation in the perturbation approach. To be more spe-
cific, we have to express the polar coordinates r(t), ϕ(t) in terms of
the phase angles ϕ̃+(t), ϕ̃−(t) and the actions J̃+(t), J̃−(t). As starting
point we use Eqs. (57), (58) and (91) to write

r(t) exp[+iϕ(t)] = x(t) + iy(t) = (x+(t) + x−(t)) + i(y+(t) + y−(t))

= 1√
mω1

[�+q̃+(t) + �−q̃−(t)] + i√
mω1

[�+p̃+(t)

−�−p̃−(t)] =
√

2J̃+
mω1

[�+ cos ϕ̃+(t)

−i�+ sin ϕ̃+(t)]

+
√

−2J̃−
mω1

[�− cos ϕ̃−(t) − i�− sin ϕ̃−(t)]. (99)

This result enables us to express r2 = (x + iy)(x − iy) and

r2n cos(2nϕ) = (1/2)[(x + iy)2n + (x − iy)2n] in terms of canonical
action and angle variables. After insertion of the results into Eq.
(85), the potential must be written as a multiple Fourier series and
the constant term, i.e., the one independent of the phase angles ϕ̃±,
must be determined. As is evident the general case leads to very
complicated expressions. We therefore content ourselves with dis-
cussing the cases of pure magnetron motion (J̃+ = 0, J̃− �= 0) or pure
modified cyclotron motion (J̃+ �= 0, J̃− = 0). For example, in these
cases r2(t) reduces to

r2(t) = ± 2J̃±
mω1

·
(

1
2

(�2
± + �2

±) + 1
2

(�2
± − �2

±) cos 2ϕ̃±(t)
)

, (100)

and the perturbation term in Eq. (96) simplifies to

V (0)
1 (J̃±) = qU1 ·

∞∑
n=2

(±1)nc2n · a2n,0

(
2J̃±

mω1r2
0

)n

· 1
2n

(
2n
n

)

×
[

1
2

(
�2

± − �2
±
)]n

+ qU1 ·
∞∑

n=2

(±1)n+1c2n · a2n,2
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×
(

2J̃±
mω1r2

0

)n+1

· 1
2n

[(
2n
n

)
+
(

2n
n − 1

)]

×
[

1
2

(
�2

± − �2
±
)]n

·
[

1
2

(
�2

± + �2
±
)]

. (101)

Finally we substitute J̃± → Ĵ± and apply Eqs. (96)–(98) to obtain
the desired frequency shift

�ω̃± = ω̂± − ω̃± = ∂V (0)
1 (Ĵ±)

∂Ĵ±

= ± 2qU1

mω1r2
0

∞∑
n=2

c2n · a2n,0 · (2n − 1)!!
(n − 1)!

·
(

R̃±
r0

)2(n−1)

×
[

1
2

(�2
± − �2

±)
]n

± 2qU1

mω1r2
0

∞∑
n=2

c2n · a2n,2 · (2n + 1)!!
n!

×
(

R̃±
r0

)2n

·
[

1
2

(�2
± − �2

±)
]n

·
[

1
2

(�2
± + �2

±)
]

. (102)

The Fourier coefficients c2n have been determined by Eq. (72),
for the coefficients a2n,0 and a2n,2 we use our previous estimates
a2n,0 = (2n + 1)/(2n + 2), a2n,2 = 1/(2n + 2). For a comparison of
this theoretical prediction with experimental data see the accom-
panying article [5].

3.3.2. Frequency shifts due to image charges
Each ion in the trap induces image charges on the electrode sur-

faces, the image charges in turn exert an attractive force on the ion
and thus shift the characteristic frequencies of the ion orbit. For
hyperbolic surfaces image charges are difficult to calculate in gen-
eral. van Dyck et al. [14] therefore suggested that for ion orbits in
the equatorial plane z = 0 a good approximation might be obtained
by considering instead of the hyperbolic electrode surfaces a con-
ducting sphere with a radius r0 equal to the inner radius of the ring
electrode. For a spherical surface the calculation of the image charge
distribution is elementary [11]. It leads to the result that the image
charges induced by a cloud of N ions with its center at r = xex + yey

exert a force on each single ion which is given by [14]

F = Nq2r0 · r

(r2
0 − r2)

2
= − d

dr
Vimage(r) (103)
where r = |r| and

Vimage(r) = − Nq2r0

2(r2
0 − r2)

= −Nq2

2r0

⎛
⎝1 + r2

r2
0

+
∞∑

j=2

r2j

r2j
0

⎞
⎠ . (104)

is the potential of this force. In the series expansion of the potential
the constant first term is irrelevant, while the second term ∝ r2 can
be combined with the Hamiltonian (5) for a redefinition of the fre-
quencies ω1, ω+, and ω−. It thus leads to an overall frequency shift
�ω± ≈ ∓(Nq2/(mω1r3

0 )) independent of the orbital parameters of
the ions. The remaining terms in (104) are anharmonic and shall in
the following be studied by perturbation theory.

Let us now calculate for the elliptical Penning trap the shifts
of the cyclotron and magnetron frequencies due to image charges.
Again the first step is the transformation of the additional potential
Vimage in Eq. (104) to the action and angle variables of the elliptic
trap, i.e., to J̃± and ϕ̃±, using the substitutions described in the pre-
ceding subsection. The general case is quite involved. Considerable
simplifications take place for pure cyclotron motion (J̃+ �= 0, J̃− = 0)
and for pure magnetron motion (J̃+ = 0, J̃− �= 0). After insertion of



32 M. Kretzschmar / International Journal of M
Fig. 11. Magnetron frequency shift due to image charges as a function of the ellip-
ticity |�|. The plot shows the ratio of the magnetron frequency shift in the elliptical
trap to the magnetron frequency shift in the corresponding circular trap (� = 0), i.e.,
y = �ω̃−(�)/�ω− , for three different orbit sizes, R̃−/r0 = 0.1, 0.3, and 0.5.
expression (100) into Eq. (104) the potential Vimage(r) can be con-
sidered as a Fourier series with respect to the angle variable ϕ̃±.
Its constant term, i.e., the one independent of ϕ̃±, considered as a
function of J̃±, yields the leading contribution to the perturbation
theoretic result. This term is most easily obtained according to the
rule for calculating Fourier coefficients, namely by the integral

V0
image(J̃±) = 1

2�

∫ +�

−�

dϕ̃±V image(ϕ̃±) (105)

= −Nq2

2r0
·
(

1 + 2J̃±
mω1r2

0

· �2
±

)−1/2(
1 + 2J̃±

mω1r2
0

· �2
±

)−1/2

(106)

After the substitution of J̃± → Ĵ± we now obtain the frequency
shift due to image charges from Eq. (98)

∂Ĥ

∂Ĵ±
= ω̂± = ω̃± +

∂V (0)
image(Ĵ±)

∂Ĵ±
. (107)

Fig. 12. Cyclotron frequency shift due to image charges as a function of the ellip-
ticity � = �/�max. The plot shows the deviation from 1 of the ratio of the cyclotron
frequency shift in the elliptical trap to the cyclotron frequency shift in the corre-
sponding circular trap (� = 0), i.e., y = (�ω̃+(�)/�ω+) − 1, for three different orbit
sizes, R̃+/r0 = 0.1, 0.3, and 0.5.
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The result is

�ω̃− = ω̂− − ω̃− = Nq2

2mω1r3
0

· �2− + �2− − 2(R̃2−/r2
0 )�2−�2−

[(1 − (R̃2−/r2
0 )�2−)(1 − (R̃2−/r2

0 )�2−)]
3/2

.

(108)

The dependence on the ellipticity parameter � is contained in
the expressions for the normalized semi-axes �− and �−. (The geo-
metrical semi-axes are �−R̃− and �−R̃−.) In the limit � → ±1 the
expression diverges due to the growth of the major semi-axis of
the magnetron orbit. On the other end, in the limit � → 0 we have
�− → 1 and �− → 1. The magnetron orbit becomes circular with
radius R− = R̃−. The expression for the frequency shift reduces to

�ω− = Nq2r0

mω1
· 1

(r2
0 − R2−)

2
, (109)

in agreement with the result obtained by Vogel et al. [15] for cir-
cular Penning traps. In Fig. 11 we have plotted as a function of the
ellipticity � the ratio of the frequency shifts due to image charges
expected for the elliptical trap and the circular trap. Analogous
formulas are obtained for the modified cyclotron frequency, how-
ever, numerically the corrections are much smaller. Therefore we
have plotted in Fig. 12 only the deviation from 1 of the ratio of
the frequency shifts expected for the elliptical and the circular
trap.

�ω̃+ = ω̂+ − ω̃+

= − Nq2

2mω1r3
0

· �2+ + �2+ − 2(R̃2+/r2
0 )�2+�2+

[(1 − (R̃2+/r2
0 )�2+)(1 − (R̃2+/r2

0 )�2+)]
3/2

(110)

4. Conclusions

The conventional hyperbolical Penning trap with cylindrical
symmetry has been generalized to a field configuration with
elliptical geometry by introducing an additional static electric
quadrupolar potential ∝ �(x2 − y2), where � is a strength param-
eter called “ellipticity”. In the ideal case the ion motion is governed
by a Hamiltonian which is quadratic in coordinates and canonical
momenta, consequently the equations of motion are linear and can
be rigorously solved. The dynamics of the ion motion has been com-

pletely analyzed and described in detail. For realistic values of the
trap parameters the cyclotron motion is only slightly affected, how-
ever, with increasing |�| the magnetron orbit becomes more and
more elliptic and degenerates into a straight line for |�| = 1. For even
stronger quadrupolar fields the magnetron drift motion changes its
character from a bounded elliptic motion into an unbounded hyper-
bolic motion. One of the most interesting aspects of an elliptical
trap is the fact that with increasing |�| the magnetron frequency
decreases, until it vanishes for |�| = 1. The drift velocity is no longer
constant, but varies along the orbit.

In practice the “elliptical” Penning trap is realized by use of a
ring electrode divided into four or eight segments to approximately
generate a static quadrupolar potential. Unavoidably higher multi-
poles are generated as well and make their influence felt on the
ion motion in regions far from the trap center. These anharmonic
terms have been studied in some detail, in particular screening
effects due to the end electrodes and the induced potential due
to image charges of the ions have been discussed. Shifts of the
characteristic frequencies due to these anharmonic terms have
been estimated by classical canonical perturbation theory, in sup-
port of the concurrent experimental investigation by Breitenfeldt
et al. [5].
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